Abstract. In this paper, we study the boundedness of composition operators between any two weighted Orlicz sequence spaces
Introduction
Let φ : [0, ∞) → [0, ∞) be a Young function, that is, a nondecreasing continuous convex function for which φ(0) = 0 and lim x→∞ φ(x) = ∞. Let (X, Σ, µ) be a σ-finite and purely atomic measure space, that is
where A n are atoms with the measure µ(A n ) = a n > 0 for all n ∈ N and w = {w n } be a weight in X i.e positive and summable real valued sequence. Then the weighted Orlicz sequence space l φ w ({a n }) is defined as the space of all real sequences f = {f n } ∞ n=1 such that I φ,w (λf, {a n }) < ∞ for some λ > 0, where
φ(|f n |)w n a n .
This space is a Banach space with the norm f φ,w,{an} = inf{λ > 0 | I φ,w (f/λ, {a n }) ≤ 1}.
Throughout the paper, we assume (X, Σ, µ) to be a σ-finite and purely atomic measure space with atoms {A n } of measure µ(A n ) = a n > 0 for any n ∈ N, τ : X → X to be a measurable non-singular transformation such that τ (X) = X and b n := µ(τ −1 (A n ))/µ(A n ). Composition operators on Orlicz spaces have also been studied in [3] , [4] , [5] , [9] and [17] . The techniques used in this paper essentially depend on the conditions of embedding of one Orlicz space into another (see, [13, Page 48] and [19] for details).
In this section, we study the boundedness of composition operators on weighted Orlicz sequence spaces. Theorem 2.1. Let w 1 = {w 1,n } and w 2 = {w 2,n } be weights in X. Then the composition operator C τ : l
({a n }) is bounded if and only if there exist a, b, δ > 0 and a sequence {c n } of nonnegative integers in l 1 such that φ 1 (u)w 1,n a n < δ implies φ 2 (au)w 2,τ −1 (n) a n b n ≤ bφ 1 (u)w 1,n a n + c n for all n ∈ N and all u ≥ 0.
We divide the proof in two parts, the sufficient part and the necessary part. The proof of the necessary part is as under:
Proof. Suppose that the given condition holds.
where
w 1,n a n + c n ≤ 1.
Definition 2.2. Let us consider the sequences z = {z n }, of real numbers. For α, β, γ, δ > 0, define
If there is no y for which φ 1 (α|y|)w 1,n a n < min(δ, γ −1 φ 2 (β|y|)w 2,τ −1 (n) a n b n ), then we put
(ii) F n (α, β, γ, δ) is nonincreasing with respect to α, γ and nondecreasing with respect to β, δ.
(iii) If φ 1 (α|y|)w 1,n a n < δ, then
Since α < α , it follows that for each n ∈ N, φ 1 (α |z n |)w 1,n a n ≤ φ 1 (α |z n |)w 1,n a n which implies
(ii) Follows from the definition of F n (α, β, γ, δ).
(iii) Let us suppose that φ 1 (α|y|)w 1,n a n < δ. If
Since γφ 1 (α|y|)w 1,n a n ≥ 0, it follows that φ 2 (β|y|)w 2,τ −1 (n) a n b n ≤ γφ 1 (α|y|)w 1,n a n + F n (α, β, γ, δ).
which implies that φ 2 (β|y|)w 2,τ −1 (n) a n b n ≤ γφ 1 (α|y|)w 1,n a n .
Again, since F n (α, β, γ, δ) ≥ 0, we obtain φ 2 (β|y|)w 2,τ −1 (n) a n b n ≤ γφ 1 (α|y|)w 1,n a n + F n (α, β, γ, δ).
Theorem 2.4. Let A and B be two nonempty sets of positive numbers. If
Proof. Suppose the theorem is not true. Choose α k ∈ A and β ∈ B, k = 1, 2, . . . , such that for all α ∈ A there is a k with α k ≥ α for all k > k , and for all β ∈ B there is a k with 
for k = 1, 2, . . . , where we put
By the definition of F n and d(n, k) and the inequality (2.1), for every n ∈ N + k , there exists z n with the property that
By the definitions of F n and d(n, k) and the inequality (2.2), we have
Thus, for each n ∈ N + k , there exists z n ∈ R such that (2.3) and (2.4) hold. For n ∈ N k \ N + k , choose z n ∈ R such that n∈N k \N + k φ 1 (α|z n |)w 1,n a n < ∞. Let z = {z n }. We now take an arbitrary α ∈ A and choose k so large that for all k ≥ k , we have α k ≥ k. Then by using (2.4), we obtain
This shows that z ∈ α∈A X 0 α . On the other hand, for any arbitrary β ∈ B and m ∈ N, choose k large enough that for all k ≥ k , we have β ≥ β k and n k−1 + 1 ≥ m. By change of variable in the second step below and then readjusting the variable, and using (2.3) in the last step, we obtain
β , which is a contradiction.
and a sequence {c n } of nonnegative integers such that ∞ n=m c n < ∞ for some m ∈ N and that φ 1 (α|y|)w 1,n a n < δ implies φ 2 (β|y|)w 2,τ −1 (n) a n b n ≤ γφ 1 (α|y|)w 1,n a n + c n , for all n ∈ N.
(ii) Suppose there exist α ∈ A, β ∈ B, γ > 0, δ > 0 and a sequence {c n } of nonnegative integers such that ∞ n=m c n < ∞ for some m ∈ N and that φ 1 (α|y|)w 1,n a n < δ implies φ 2 (β|y|)w 2,τ −1 (n) a n b n ≤ γφ 1 (α|y|)w 1,n a n + c n ,
β if and only if there exist γ > 0, δ > 0 and a sequence {c n } of nonnegative integers such that ∞ n=m c n < ∞ for some m ∈ N and that φ 1 (α|y|)w 1,n a n < δ implies φ 2 (β|y|)w 2,τ −1 (n) a n b n ≤ γφ 1 (α|y|)w 1,n a n + c n ,
Proof. (i) Follows from Theorem 2.4 and Corollary 2.3(iii) with F n (α, β, γ, δ) = c n .
(ii) Let z = {z n } ∞ n=1 ∈ X 0 α . Then there exists k ∈ N such that ∞ n=k φ 1 (α|z n |)w 1,n a n < ∞ where we suppose k ≥ m and φ 1 (α|z n |)w 1,n a n δ for n ≥ k. Thus
(iii) Follows from (i) and Theorem 2.3(iii) with F n (α, β, γ, δ) = c n .
(iv) The direct part follows from (i) and the converse part from (ii).
We put z n = y n for n < k and z n = z n for n ≥ k, where y n is the sequence given by Definition 2.2. Then z = {z n } ∞ n=1 ∈ X α . Thus, by our supposition
We now prove the sufficient part of Theorem 2.1.
({a n }) is bounded, then there exist a, b, δ > 0 and a sequence {c n } ∞ n=1 of nonnegative integers in l 1 such that φ 1 (u)w 1,n a n < δ implies φ 2 (au)w 2,τ −1 (n) a n b n ≤ bφ 1 (u)w 1,n a n + c n , for all n ∈ N and all u ≥ 0.
Proof. Observe that α>0 X 0 α = l φ 1 ({a n }) and β>0 Y 0 β = l φ 2 ({a n }). Suppose C τ : l φ 1 ({a n }) −→ l φ 2 ({a n }) is bounded. Then, by Corollary 2.5, we see that for each α > 0, there exist β, γ, δ > 0 and a sequence {c n } of nonnegative integers such that ∞ n=m c n < ∞ for some m ∈ N and that φ 1 (αu)w 1,n a n < δ implies φ 2 (βu)w 2,τ −1 (n) a n b n ≤ γφ 1 (αu)w 1,n a n + c n , for all n ∈ N and all u ≥ 0. Putting αu = v, β/α = a and γ = b, the above condition can be rewritten as φ 1 (v)w 1,n a n < δ implies φ 2 (av)w 2,τ −1 (n) a n b n ≤ bφ 1 (v)w 1,n a n + c n , for all n ∈ N and all v ≥ 0. For n < m, we take c n = max[sup v∈S (φ 2 (av)w 2,τ −1 (n) a n b n − bφ 1 (v)w 1,n a n ), 0], where S is the compact set of all v ≥ 0 such that φ 1 (v)w 1,n a n < δ. Thus, {c n } ∞ n=1 ∈ l 1 , which yields the desired result.
